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Abstract. Elliptic current algebras’, ,(g) for arbitrary simply laced finite-dimensional Lie
algebrag are defined and their co-algebraic structures are studied. Putting the alggh@s

with different deformation parameters together, we establish a structure of an infinite Hopf family
of algebras with a Drinfeld-like co-multiplication. The level 1 bosonic realization for the algebra
&4,p(8) is also established.

1. Introduction

In this paper we continue our recent study on an infinite Hopf family of algebras and obtain
new examples of such families—the infinite Hopf family of elliptic algebras.

The concept of an infinite Hopf family of algebras was first introduced in our earlier
paper [1] in which the algebrady ,(g) were proposed and their co-algebraic structures
were specified. In contrast to the standard Hopf structures for quantum affine algebras and
Yangian doubles, algebra; ,(¢), including their most degenerated ca&@,,(flz) [2], are
not evidently co-closed and their co-algebraic structures are formulated in terms of some
generalized Hopf structure, examples are the Hopf family of algebras of [2] and the infinite
Hopf family of algebras of our paper [1].

The algebrasiy ,(g) which appeared in [1] are very unusual. fgo si,, such algebra
was proposed as the scaling limit of the elliptic algebtg,,(sAlz) and thus inheritdawo
deformation parameters and . The first parametek can be viewed as a ‘quantization
parameter’, because in the limiit— 0, the algebradz ,(¢) becomes a classical algebra. The
second parametershould be viewed as a ‘family deformation parameter’ because the set of
algebras4y, , (g) with differentn form the first known non-trivial example of the infinite Hopf
family of algebras and while — 0 the family structure becomes trivial. Another unusual
feature of Az ,(g) is that, under current realization, the generating currents corresponding
to positive and negative roots are deforntifflerently Despite their unusual mathematical
features, A5 ,(¢) are believed to have important applications in integrable quantum field
theories such as sine—-Gordon and affine-Toda field theories [1,2]. Moreover, the study of
such algebras can provide a better understanding of thé){) deformed Virasoro andV
algebras which have recently been under active study.
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In this paper we are motivated to study both the elliptic generalizations of the algebras
Az, (&) (or the pre-scaling algebras) [1] and their associated infinite Hopf family of algebras.

The search for elliptic quantum algebras has lasted for some years. Various elliptic
deformed algebras have emerged in several different contexts, among them are the Sklyanin
algebras of typely, the aIgebraAq,p(sAlg) [3,4] and its generalization to thdy case,
Aq,,,(sAlN), which forms the class of so-called vertex-type elliptic algebras and the ‘elliptic
quantum groups’ of Feldest al [5—7] and the dynamical twisted algebra of Hetial [8]
which form the class of so-called face-type elliptic algebras. The mentioned elliptic algebras
are all realized through (vertex- and face-type) Yang—Baxter relations. The difference between
Sklyanin algebra anzlq,,,(sAlN), as well as that between Felddral algebra and Hoet alones
lie in that, the modulus for the elliptic entries Bfmatrices are the same for the former and are
different for the latter algebras. Other examples of elliptic algebras are those for the deformed
screening currents for quantum deforn#®dilgebras (defined for any simply-laced underlying
Lie algebrag) of the first two by the present authors [9] and Konno'’s algéb;g(sAlg) [10].

We note that the classification for elliptic deformed algebras seems far from complete.
For example, the last two types of algebras are realized as current algebras only and their
possible Yang—Baxter-type realization are still unknown. Moreover, though the co-structures,
or more explicitly, the quasi-Hopf structures, for the vertex- and face-type algebras realized
through Yang—Baxter-type relations have recently been clarified due to the work of Fronsdal
and Jombeet al, similar structures in the current algebras of [9] are still unknown.

In this paper, we present a new type of elliptic current algebras which we derfjte@3
(whereg can be any classical simply-laced Lie algebra) and study the associated infinite Hopf
family of algebraic structures. It turns out th&t ,(g) are quite similar to the algebras of
modified screening currents for the quantum g)-deformedW -algebras mentioned earlier
in level 1 bosonic representations. The only difference lies in that, for the alg&py48)
at level 1, the deformation parametgiis the inverse of the one in the algebras defined in
[9] (whilst the parameteg is kept unchanged) and we assume here fhat< 1, which
corresponds tdg| > 1 in [9] (the algebras in [9], however, were defined only figr < 1
implicitly). This slight difference prevented us from defining the somewhat well expected
structure of the infinite Hopf family of algebras in [9].

The organization of this paper is as follows. In section 2, we give a definition for the
current algebra, ,(g). Section 3 is devoted to the study of the structure of the associated
infinite Hopf family of algebras. In section 4 we give the bosonic representation for the current
algebras, ,(g) atlevel 1. The final section—section 5—is for concluding remarks.

2. The elliptic current algebra &, ,,(9)

We first give the definition for the elliptic current algebgs, ().

Definition 2.1. Let g be any finite-dimensional simply-laced Lie algebra with Cartan matrix
(A;;). The elliptic current algebrd, ,(g) is the associative algebra generated by the currents
Ei(2), Fi(2), Hii(z) withi = 1,2, ..., rank(g), central element and unit element 1 with
the following relations

0, ((z/w) pAi’2)0; ((z/w) p~4/?)
0, ((z/w) p~4ii/2)0; ((z/w) pAii/?)
0, ((z/w) p A6 ((z/w) p~A*9/2)
0, ((z/w) p~Ais=912)0; ((z/w) pAis=)/?)

H ) HF (w) = HE (w)HE(2) (1)

H () H} (w) =

H} (w)H (2) (2)
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0,((z/w) pAi/2 pe/%)
0, ((z/w) p~Ail2 pel)
0, ((z/w) pAi/2p=c/t)
64 ((z/w) p=Ail2 p=c/4)
6 ((z/w) p~4u/2p=c/t)
65 ((z/w) phil2p=c/4)
(z/w) p~ 472 pl%)

H () Ej(w) = (=)™ (p~4/?) E;j(w)H; (z) ®3)

H™ (R Ej(w) = (=) (p~41/?) E;(w)H (2) @)

H (2)F;(w) = (=) (phi/?) Fj(w)H; (2) (5)

. L 0a( _
. — (—1Aii (pAiil2 24 .
H (2)Fj(w) = (=% (p*/?) (T P Fi(w)H, (2) (6)
o 0,((z)w) phi/?)
. . — (—1)Ai Ajj/2y 29 T T .
Ei()Ej(w) = (=D (p ) 5, (/W) =T E;(w)E;(2) 7
a0 ((z/w) pAil2)
: . — (_NAii(pAii/2N2a T :
Fi()Fj(w) = (=D)% (p )Gq((z/w)p*‘ff/z) Fi(w)F;(z) 8)
(Ei(2), Fj(w)) = L(é(%"”) H (wp'*) — 8(%“’2) Hi‘(zp‘”/“)) ©9)
(p —Dzw w z
Ei(z0)Ei(z2) E;j(w) — [ (21/w, 22/w) E; (2) Ej (W) E; (22) + E; (w) E; (21) Ei (z2)
+ (replacementz; <> z2) =0 Aj=-1 (20)
Fi(z0) Fi(z2) Fj(w) — £ (z1/w. 22/w) Fi(21) F; (w) F; (z2) + Fj () F; (z2) Fi (22)
+ (replacementzy <> z2) =0 Ajj=-1 (11)

where

@ W (z2/z0) + D (w/z) ¥ (w/z2) + 1)
fii @/w, z2/w) = @ @ @ a
Wi,- (w/z2) + % (ZZ/Zl)wij (w/z1)

—A,2 0, (x~LpAii/2)

O, (x~1p=4u/?)
b6t

67 (x~1pHi/2)
g and p are a pair of deformation parameters with noreig < 1 and|p| < 1, z, w are
spectral parameters; and g are connected by the relation

I
=
Q

V) = (=D p

wi(jé)(x) = (=1)A phi

q/q = p*
andé, (z) is the standard elliptic function given by

0,(2) = (219)00(qZ M @) 0 (q1q) oo

[ee]

@lgr - gmee = [ A—z4qF...qi.

i1,02,...,in=0

Quite analogous to the casef , (), the elliptic current algebra given previously enjoys
the following features:

e it hastwo deformation parameters, ¢ and ‘positive’ and ‘negative’ currentg(z)
and F(z) are deformed differently (each corresponds to one of two parametarsd g,
respectively);

e the currentsHii (z) do not commute in contrast to tigeaffine and Yangian cases.

These features are also shared by the algeliagsiy), A,., s (sl2) andU, ,(sly).
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The second feature has a rather significant consequence. If one considers the subalgebras
generated by the currenf$*(z), E(z) or H™ (z), F(z), it would turn out that they do not
form nilpotent or even solvable subalgebras. Howevey-aifine and Yangian cases similar
subalgebras are indeed solvable and, with the aid of a properly defined Manin pairing, they
give rise to the structure of quantum doubles. The non-solvability of such subalgebras in our
case might imply that the algeb€a , (&) under consideration does not have a simple quantum
double structure.

In order to show the deeper relationship between our algebradanc), we give the
following proposition which shows that the algelsa, () is an elliptic extension aflz , ().

Proposition 2.2. In the scaling limit
p= eeﬁ g = ee/n 7= eieu
€e—>0

the algebrag, ,(g) tends to the algebral; , () defined in [1] up to terms linear ia.

We remark that for the cage= sl», both 4, ,(sl2) andU, ,(sl2) would yield 4z, (sl2)
in the scaling limit. Therefore, our algebéa ,(g) has the same scaling limit as those two
algebras for the special underlying Lie algelgra= sl,. However, for general simply-laced
8, &.p(8) is the only known algebra which tends .t ,(¢) in the scaling limit. Actually,
the generalization Qﬂq,p(sAlz) to the case oD, E series of Lie algebras are not known to
exist. Likewise, the generalization Ug,p(sAlz) to any otherg is also not known to exist. (We
noticed the similarity between our algebragat s/, and Uq,p(sAlz). It is possible that these
two algebras are isomorphic, however, we do not make this claim because it has yet to be
provent.)

Another remark is in order here. The algelsta,(g), as well asAy ,(g) defined in
[1], should be regarded asurrent algebras only since we do not know the corresponding
Yang—Baxter-type realizations. Actually, given a Yang—Baxter-type relation one can define an
associative algebra which is a certain deformation of the universal enveloping algebra of some
underlying Lie algebra and, due to the well known Ding—Frenkel homomorphism, one can
find a corresponding current realization which is an important usage for the construction of
infinite-dimensional representations. However, the inverse to Ding—Frenkel homomorphism
is some Riemann problem which often does not possess a unique solution [11]. Therefore,
given the definition of a current algebra sucl€as (), one actually cannot associate a unique
Yang—Baxter-type relation without putting in extra constraints. It seems quite possible that
both the vertex-type and face-type elliptic algebras can be obtained from the same current
algebrag, ,(g) by introducing different sets of constraints which lead to different solutions to
the Riemann problem. We hope to consider this problem in later studies.

3. The structure of the infinite Hopf family of algebras for £, ,,(g)

The algebra, ,(g) defined in the last section is in fact the representative of an infinite Hopf
family of elliptic algebras which we now specify.
Let {A,,n € Z} be a family of associative algebras ovér with unity. Let
(v™,i=1,...,dim(A4,)) be a basis of4,. The maps
‘Eni A, = A

U[»(nil)

v,-(”) —

T To compare with [10], we should bear in mind that the following change of notation should be gadep,
p — ¢?andec — —c.
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are morphisms from,, to A,+1. For any two integers, m with n < m, we can specify a pair
of morphisms

Mor(A,, A,) s t™ =1t . .ohatt i A, — A,
Mor(A,, Ay) 2t =t ...t T, A, — A, (22)
with gmmgoem — g gmgtnn — g = Clearly the morphisms™ ™ n,m e Z satisfy the

associativity conditiorr -7 ¢ (7"} = ¢mm and thus make the family of algebrgs,, n € Z}
into a category.

Definition 3.1. The category of algebragA,, {t*™},n,m € Z} is called an infinite
Hopf family of algebras if on each objegt, of the category one can define the morphisms
AL A, —> Ay ® Azt € 0 A, — C and antimorphisms® : A, — A,.1 such that the
following axioms hold

o (6, ® idn+l) © A;: = 'L'; (idnfl ® €,) 0 A; =71, (al)
® My+1 O (S,-: ® idp+1) 0 A,: = €y+1 0 Ty-: my_q0 (id, 1 ® Sn_) o A; =€,-10T, (a2)
o (A, ®idy+1) 0 A; = (id,_1® A;) oA, (a3)

in whichm,, is the algebra multiplication for4,,.

Remark 3.2. We remark here that the presentation of an infinite Hopf family of algebras is
slightly different from that of [1] in the trigonometric case. However, the statement that the
algebrady ,(2) is representative of an infinite Hopf family of trigonometric algebras still holds
true under the present definition of the infinite Hopf family of algebras.

Let A be an associative algebra ov@with unity. A trivial example of an infinite Hopf
family of algebras is given by the category of algebfds = A, {t"™ = id},n,m € Z}
with A%, €, and ST identified as the standard Hopf algebra structures guefThis trivial
example shows that the infinite Hopf family of algebras can be regarded as a deformation of
the standard Hopf algebra structure. The maps e, andS¥ in the infinite Hopf family of
algebras are called co-multiplications, co-units and antipodes by this analogy.

Now, let us consider the infinite Hopf family of algebras structure€pf,(g). For
this purpose we introduce some notation. First, we denote the algeh(g) by &, ,(8).,
specifying explicitly the central extensien We see that this algebra is determined uniquely
as a current algebra by the defining equations (1)—(11) provided the following data are fixed:
g, 9, p, c. Ingeneral, given a series of, n € Z, we can define

g™V 1g™ = per
starting from the data™ = ¢, c1 = c. Itis obvious thaff = ¢ and hencg™ = ¢""*V. We
collect the family of algebrag€,m ,(8).,.n € Z} where&,m ,(8)., is the algebra, ,(8).
with ¢ replaced byy™ andc by c¢,. The generating currentd“(z), E;(z) and F;(z) for
&y p(8)e, are denoted all=(z; ¢), Ei(z; ¢™) and F;(z; ¢™) etc.

The family of algebragd&,m ,(8).,,n € Z} can be easily turned into a category by

introducing the morphisms*

T e p (e, = Egoev p (e

Hi:t(z;q(n)) — Hi:t(z;q(n:lzl))

Ei(z:q™) — Ei(z:¢"*P)

Fi(z:q"™) > Fi(z; ¢"*Y)

Cp > Cpt1

and defining the composition$™™ as in (12).
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The following proposition is one of our major results.

Proposition 3.3. The category of algebral&,m ,(8).,, {t"™}, n,m € Z} form an (elliptic)
infinite Hopf family of algebras with the Hopf family structures given as follows:
e the co-multiplicationsA*

A,-;—Cn =Cptenn

AVH] (21 q") = H @p™* ¢™) @ H (p~/*: q")

AGH (z:q™) = H (zp~/% ") ® HT (zp/% ¢"™P)

AGEi(z:q") = Ei(z:¢™) ® 1+ H (zp™'* ") ® Ei(zp™/% ¢™™)
ATFi(zq™) =18 Fi(z:q"™) + Fiep™/%q") @ H (zp™/* ™)

Acp =chp1tcy

Ay H(z:q¢"™) = H zp™'* q" ) ® H (zp~ /% q™)

A H (z:q™) = H (zp~ "% q" V) @ H (zp™/* ¢™)

A Ei(z:g™) = Ei(z;¢" ) @ L+ H (zp % ") ® Ei(zp™/% q™)

A, Fi(ziq™) =1 Fi(z: ") + Fi(zp™/% q" V) @ H (zp©'*: ¢™);
e the co-units,,

€,(c,) =0

(1) =1

en(H (z: ™) =1

n(Ei(z:g™) =0

€ (Fi(z;¢™)) = 0;
o the antipodes*

Sfcn = —Cp+1

SEH(z:9™) = [Hf (z; ") 7!

SyH (z:q"™) = [H (z:¢"*")]

Sy Ei(z:q™) = —H (zp~ /% g ") Ei(zp=+/%; g HY)

Sy Fi(z:q") = —Fi(zp~ /% " D) H (zp3/%; g =D)L,

The proof for this proposition is by straightforward calculations.

Remark 3.4. The co-multiplications, co-units and antipodes given previously are analogous
to the Drinfeld—Hopf structures far-affine algebras. The difference lies in that, instead of
sending elements of the algehrg into the tensor product space of the same algebra, the
co-multiplicationsA* now send elements of, into the tensor product spacds ® A,.+; and

A,—1 ® A,, respectively, of two neighbouring algebras in the family. The shift in the suffices
in the notation of target spaces indicate the crucial difference between the non-trivial infinite
Hopf family of algebras and trivial ones.

In order to understand the meaning of the unusual shift of suffices mentioned before, we
present here another proposition which was first found in [1] for the trigonometric case.

Proposition 3.5. The co-multiplicationA; induces an algebra homomorphism

P 5q‘"),p(§)cn+cn+1 g gq("),p(g)cn ® gq("+1),p(§)(.',l+1
X A'X
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whereX € E,m_,(8)e,+emr X € Egm p (&), and

[ Cp T Cpe1
g | HE @™V HE g™
") Eiz:¢"™) | Eiz: g™
Fi(z;q™) Fi(z:q™).

Likewise, the co-multiplicatioa; induces an algebra homomorphism
0 8q("*1>,p(§)6n71+6u — gq“”“,p(g)cnfl ® 5q(”),p(§)6n
X A'X

whereX € E,u-v ,(8)c, 14,0 X € Eg_p(8)., and

Cp C,1,1+Cn
- H_:i: : (n) ) H:I: : (n—1)
%= ,(z?n)) it X — ,(ZC(JH))
Ei(z;q") Ei(z;q )
Fi(z:q™) Fi(zig"™).

Corollary 3.6. Letm be a positive integer. The iterated co-multiplicatiody”* = (id, ®
idpi1Q®- - Qidpim—2QAY,  1)0(id,Qidy+1® - ®idyim—3®A,,, 5) - -0(id, QAL )oAY
induces an algebra homomorphisgsfi”

/O(m) : 5(1("’.17(é)c,,+c,,+1+---+c,,+,,, - Eq(”>,p(§)c,, ® 5q<~+1>,p(§)cn+l ®---® 5q(n+m),p(§)c,,+m
in the spirit of proposition 3.5.

Remark 3.7. We stress here that the mapsp andp™ arealgebra homomorphismsvhilst

=, 7™ and A etc are only algebra morphisms. The difference between algebra morphisms
and algebra homomorphisms lies in the fact that the latter preserves the structure functions
whilstthe former does not. Infact, the algebra morphisfig ™ andAZ etc have non-trivial
actions on structure functions, or, more precisely, on the deformation parameters, for example

gm) s gm0

etc.

This proposition and its corollary shows that although the algefjjas,(g)., are not
co-closed, the tensor product representations can still be defined using the co-multiplications
A%, In particular, if thec, = 1 representation fo€,m ,(g)., is available, then the
representations at any positive integgrare all available, leaving aside the reducibility
problems of such representations. This statement is of particular importance when one needs
to realize that the algeb& ,(2). is non-empty for € Z,\{1}.

4. Free boson realization of the algebra&, ,(g) atc = 1

Having established the infinite Hopf family of algebras structure of the elliptic current algebra
&,.»(8), we now turn to consider its simplest infinite-dimensional representation, i.e. the free
boson realization at = 1.

First, we introduce the Heisenberg algebiq ,(g) with generatorsg;[n], Pi, Q;,
i=1,...,rank(g), n € Z\{0} and generating relations

1A —g @2 = p A~ (pg)")

[au[n). a;m]) = > =

[P, Q;] = Ajj

8n.m
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whereA;; is the Cartan matrix for the Lie algebgaand all the commutators vanish. Let
ai[n] ai[n]

+ _
S n| = —- sl =-——
1l q"—1 7l (pg)™ -1
and define the (deformed) free boson fields

o)=Y sz Y@ =) s nlz ™"

n#0 n#0

Proposition 4.1. The following bosonic expressions give a lewek 1 realization for the
algebraé&, ,(g) on the Fock space of the Heisenberg algelia, ()

Ei(z) = €2z : explpi (z(pg) )] :
Fi(z) =e %z " expl=i(zq"?)] :
H(z) = Ei(zp"")Fi(zp™™"% :
H7(2) =1 E;i(zp~ Y Fi(zp'* :

where : : means taking all subexpressions consisting;pf] with » > 0 and P; to the right
of expressions consisting af[n] withn < 0and Q;.

The proof for this proposition is also by straightforward but tedious calculations.

5. Concluding remarks

In this paper we have obtained the new elliptic current algefyrgég) and showed that these
algebras have a structure of an infinite Hopf family of algebras. So far we have obtained two
kinds of non-trivial infinite Hopf family of algebras: trigonometric (for the algeb#as, (2))

and elliptic (for the algebras, ,(g)). It is thus an interesting question to ask whether there
exists any rational algebras which have the same co-algebraic structure.

It is interesting that the co-multiplications appearing in such co-structures are all of
Drinfeld-type, which closes over the currents themselves and does not require resolution of the
inverse problem (Riemann problem) of the Ding—Frenkel homomorphism. We recall that two
kinds of co-multiplications (and thus two kinds of Hopf algebra structures) are known for the
standardz-affine algebras. The algebrals ,(g) and¢&, ,(g) should be considered as some
deformation ofy-affine algebras and under such deformations the difference between the two
Hopf algebra structures fer-affine algebras become clear: the standard Hopf structure for
g-affine algebras is inherited into Yang—Baxter-type realizations for the aIgeAQ[geflz)
and B, ,(¢) [12] and define the quasi-triangular gquasi-Hopf structures in those algebras.
Drinfeld-type Hopf structure is inherited into the current realizations for the algebra&)
and¢, ,(g) and gives rise to the structure of an infinite Hopf family of algebras. The relation
between the quasi-triangular quasi-Hopf structure and the infinite Hopf family of algebras is
an interesting open problem to be answered in later studies.

We should emphasize that this work is only a preliminary study for the algé€brag)
themselves. Besides the definition and level 1 bosonic realization, we know very little about
these algebras, especially their detailed representation theory, vertex operators, Yang—Baxter
type realizations etc. The physical applications should also be considered.

Finally, the structures of an infinite Hopf family of algebras is still poorly understood. We
do not know whether there exists a quantum double construction over the infinite Hopf family
of algebras and, if not, what kind of new structure will take the place of the standard quantum
doubles. Also, the classical counterpart of the infinite Hopf family of algebras is unknown and
all these problems warrant further investigations.
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